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Abstract

We propose a framework for iterative joint source-
channel decoding for communication with a fidelity crite-
rion. We consider a class of source models that are used
in current state-of-the-art transform image coding schemes.
We construct a global graphical model that includes both
the channel coding redundancy and the source model and
we apply the sum-product algorithm to estimate the trans-
mitted signal with minimum distortion. Qur results show
the promise of our framework for improving over existing
techniques of digital communication.

1. Introduction and Motivation

In modern practical communication systems the source
coder is in most cases separate from the channel coder both
physically and conceptually. This approach can be ineffi-
cient for applications involving the transmission of video,
images, speech, etc. This has motivated the research of ef-
ficient methods for combining source and channel coders
into a joint system. The increased complexity of the prob-
lem involving this joint design calls for the formulation of
new efficient frameworks that expose most of the advan-
tages of the joint design at a reasonable complexity cost.
In this work we propose to tackle the joint source-channel
coding problem using a novel factor graph framework (5]
of iterative decoding.

Factor graphs were initially successfully applied in the
area of chdnnel error correction coding, and, specifically,
iterative decoding. Turbo decoding and other iterative de-
coding techniques have in the last few years proven to be
landmark developments in coding theory. Factor graphs [S]
provide a framework in which iterative algorithms and it-
eratively decodable codes are easily described. The notion
of factor graphs, defined in section 2.1, is related to other
graphical models, such as Bayesian networks and Markov
Random Fields, and allows an easy integration of the de-
coding task and other related estimation problems in com-

*This work was supported in part by NSF under grant MIP 97-03181
(CAREER) and by NASA under grant NAG3-2263

0-7803-5700-0/99/$10.00©1999 IEEE

munication theory such as channel estimation and equaliza-
tion. The goal of this paper is to extend the area of appli-
cation of iterative decoding using factor graphs to include
the joint source-channel coding. This is accomplished by
exploiting the redundancy deliberately left in the source af-
ter source encoding together with the controlled redundancy
introduced by channel coder in a joint decoding scheme us-
ing graphical models. Our graphical source model is of the
class of models used in the state-of-the-art image coding al-
gorithms which makes our framework promising for robust
image communication.

The idea to utilize the redundancy left in the source af-
ter source coding for combating channel noise goes back
to Shannon [10]. In [1], the question of how much redun-
dancy should be assigned to the source and channel coders
was posed for a binary source with a finite memory trans-
mitted losslessly over a noisy channel. It was shown that
for some cases it is beneficial not to compress the source at
all in order to avoid the error propagation effects associated
with compressing using variable-length entropy coding. In
[3] a turbo decoding scheme that uses the channel memory
was proposed. This scheme involves the construction of a
“supertrellis” on the global state-space of the error correct-
ing code and the channel. A similar approach, in principle,
can be applied to the problem considered here by combin-
ing states of the code with the states of the source model.
The total number of states in this case becomes the product
of the numbers of states in the source and in the channel
models and can easily get too large to handle. Recently, in
[8] the minimum mean-squared error (MMSE) estimation
of DPCM-coded images was proposed which modeled the
redundancy after the source coding using a Markov mesh
model. While being similar to our work, (8] uses a different
source model and does not use iterative decoding based on
the sum-product algorithm as we suggest in this paper.

2. Problem outline and proposed approach

We consider the problem of communicating a source
with a fidelity criterion over a noisy channel with
power/bandwidth constraints. In a joint source-channel
coding framework, the source and channel encoding and
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decoding are allowed to be designed jointly to optimize the
overall transmission quality subject to the given constraints.
The problem that we address in this paper is how to de-
sign the joint source-channel decoding of a Hidden Markov
sources over an AWGN channel. In this work we use the
source symbol error rate (SSER) and the mean-squared er-
ror (MSE) to quantify the distortion.

2.1. Factor graphs

Let x = {x1,%2,...,Zn} be a vector of variables. A
factor graph visualizes the factorization of a global function
f(x). Let f(x) factor' as f(x) = [Iir, fi(x\9), where
x{%) is the set of variables of the function f;. A factor graph
for f is defined as the bipartite graph with two vertex classes
V¢ and V, of sizes m and n respectively such that the ith
node in V; is connected to the jth node in V, iff f; is a
function of ;. The variables may be from different alpha-
bets as long as the functions f; are properly defined.

Figure 1. A factor graph for a [6, 3,3] binary
code C. Function nodes are drawn as small
filled circles and variable nodes are drawn as
larger non-filled circles.

An example of a factor graph for a [6,3,3)] binary
code C is shown in Fig. 1. The global function f(x) =
L., fi(x®) = Lif x is a word in C and f(x) = 0 other-
wise. The local functions f;(x(¥) are equal to 1 if the length
three vectors x(?) have even weight and equal 0 otherwise.
For example, f1(x(V)) = fi(z1,22,26) = (21 + 2 +
ze) mod 2. Suppose that a single, randomly chosen code-
word of the code C is transmitted over a memoryless chan-
nel resulting in the observed vector y = (y1,¥2,...,Ys)-
Then the a posteriori distribution of X is proportional to

3 6
160 = [T A T fiswslas) (1)

j=1

where f;;i(y;|z;) is the channel likelihood function evalu-
ated at the observed value y;. The factor graph correspond-
ing to the a posteriori distribution of x (not shown) is easily
obtained from the original factor graph by connecting each

!The definition of multiplication and addition may be taken rather gen-
erally. For the precise algebraic properties that multiplication and addition
have to satisfy, see [5).

variable to a new observation likelihood function f;; evalu-
ated at the observed values of y;. The decoding task in the
previous example is accomplished by maximizing the cost
functions of the form (1). The algorithm which allows us
to do it efficiently, though only approximately, is called the
sum-product algorithm.

2.2. The sum-product algorithm in a tree

In this section we provide an example of the sum-product
algorithm applied to a finite tree. A factor graph is a tree
if and only if there exists a unique path between any two
nodes of this graph?. In this plot functions are filled circles,
observed variables are non-filled circles and unobserved
variables are double circles. The factor graph in Fig. 2 is
an example of Hidden Markov Model (HMM) with states
s1, 82, 83 and observations z,,Z2,x3. Function f; is the
prior distribution of the initial state, functions f3 and fs are
conditional distributions of the next state given the present
state, functions f,, fs and fg are conditional distributions
of observations given the state. It is still useful to think
about the functions as ‘“checks” though in this case these
checks are “soft” rather than “hard” set indicator functions
as in our previous example. Suppose we are interested in
the a posteriori distribution of s, after observing the values
z},xh, x4 of z1,z2,z3. The joint density function and its
factorization are:

f(r1,z2,$3,31,52,33) =

fi{s1) fa(s1, 1) f3(s1, 52) fa(s2, T2) f5 (52, 83) fo (53, 73)

What we want to find is the marginal distribution for s;
given the observed values i, x5, 5. This may be per-
formed efficiently in a distributed manner using the follow-
ing sum factorization;

P(31,$1 =I;,Tp = Ip,T3 = I.?) -
= fi(s1)fa(s1, 71 = 1‘1){253 fa(s1,52) fa(s2, 22 = o)
{3, fs(s2,83) fe(s3, 23 = 3)}} )

This factorization is what is used in the well-known
forward-backward algorithm for HMM’s [9] and is an in-
stance of the sum-product algorithm. In equation (2) two
types of computations are performed: multiplication of lo-
cal functions and marginalization with respect to local vari-
ables. First, f5 and fg are multiplied producing the result
which depends on s; and s3. Then this result is summed
over s3 to produce the function of s only. The process re-
peats for other variables. We can think of the operations
just described in terms of passing messages from all nodes
of the graph along the edges according to some schedule.
The messages are formed using the following simple rules:
a message from a function node to a variable node is the

2Note, that the factor graph in Fig. 1 have cycles and therefore is not a
tree.
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product of all messages incoming to the function node with
the function itself, marginalized for the variable associated
with the variable node; a message from a variable node to a
function node is simply the product of all messages incom-
ing to the variable node from other functions connected to
it. If the value of the variable is observed, e.g. z; = z; its
message is 6(z;). It can be shown ([12]) that there exists
an optimal (in the sense of the number of messages which
are sent) message passing schedule for a tree which gives
the exact result in a finite number of steps. In coding theory
applications the factor graphs are not trees and no optimal-
ity of sum-product algorithm is guaranteed. Nevertheless,
the performance of the sum-product algorithm in decoding
of turbo-codes and low density parity check codes (LDPC
[2]) is at present unsurpassed.
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Figure 2. Sum-product algorithm applied to
HMM. Thick arrows are messages passed
to variables from functions and thin arrows
are messages passed to functions from vari-
ables.

2.3. Iterative decoding for JSCC

The main contribution of this paper is the novel applica-
tion of iterative decoding on factor graphs to joint source-
channel coding. Suppose that both source and channel bits
(or symbols) can be represented in a factor graph form. For
example,. channel code parity bits may be generated by a
turbo-code or LDPC codes, while the source symbols them-
selves may be observations of a HMM. Then the joint repre-
sentation of the source and channel bits/symbols is again a
factor graph. Suppose we are interested, as usually, in find-
ing the a posteriori distribution on a global graph. In cases
of practical importance there is no hope to perform the exact
calculation of the joint distribution due to extremely high
dimensionality. Instead we propose to use the sum-product
message passing algorithm. This idea is illustrated in Fig. 3
where the messages are passed between source and chan-
nel models (“checks”) in the sum-product algorithm. The
higher the memory of the source, the stronger is the influ-
ence of the source model on the channel decoding. Unfortu-
nately, as in the case of turbo codes or LDPC codes, one has

neither the notion of an optimal message-passing schedule,
nor any claims of optimality of the scheme. Our results,
however, reveal the benefits of our proposed scheme over
conventional approach for certain useful regimes.

Source “checks”
(source model. source coding algorithm)

Iterative

decoding Source
message symbols
passing

Channel “checks”
(channe! likelihoods. chaanel code)

Figure 3. General setup for JSCC with factor
graphs. Both source and channel “checks”
participate in the message-passing proce-
dure of the sum-product algorithm.

3. JSCC for HMM source using factor graphs

To illustrate the proposed application of the factor graph
framework to joint source-channel coding, we assume a
discrete-time HMM with Gaussian observations. Consider
the source model illustrated in Fig. 4. The underlying
Markov chain determines the state of the model. Given the
state, the observations are i.i.d. Gaussian random variables
with mean and variance indexed by the state. This model
is motivated by image transform coding, where similar 2-D
models have been proposed for transform coefficients (e.g.,
schemes in [4, 6] have the same spirit, though not being ex-
actly equivalent to our model here) that acknowledge the
fact of remaining localized dependencies even after decor-
relating transform.
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Figure 4. Hidden Markov source model with
Gaussian observations.

In this work we assume that the source samples are scalar
guantized to produce the source symbols from a finite alpha-
bet?. In simulations, we have used a 4-level uniform scalar

3This is exactly what is done in the state-of-the-art wavelet image
coders.



quantizer. Note, that fixing the quantization in our source is
the same as converting it to a finite-alphabet HMM. While
we could just start with discrete HMM’s from the outset, we
emphasize the quantization operation to motivate where this
source model can come from.In this work we only consider
a one-dimensional source model for simplicity (e.g., when
each row of wavelet coefficients is modeled as an HMM),
however, the factor graph framework can easily incorporate
full two-dimensional model. We consider this for our future
research.

In our experiments we use the LDPC channel codes
which are currently among the state-of-the-art. LDPC codes
were introduced in {2] and have been rediscovered recently
in connection with the sum-product algorithm used for their
decoding[11, 7]. Suppose the source is to be transmitted
over an AWGN channel using LDPC and BPSK with a con-
straint on the total rate and power, as appropriate, for ex-
ample, for wireless communication. Since in general the
symbols are not independent, it is possible to compress the
data stream using a data compression code. Alternatively,
the redundancy of the source may be used in lieu of channel
redundancy in iterations of the sum-product algorithm. The
two options outlined are compared in our experiments.

The reference system uses optimal entropy coding using
an arithmetic coder followed by a (200, 52) LDPC channel
code*. This corresponds to transmitting 52 source encoded
bits and 148 parity bits. The channel decoding uses the
sum-product algorithm (2] followed by an arithmetic de-
coder. The proposed joint source-channel coding system
deliberately uses fixed length source coding (but avoids the
effect of error propagation) and have more source bits to
send due to the source memory. We account for this by re-
ducing the amount of channel code parity bits so that the
frame size is the same as in the reference system. The de-
coding in the proposed system is done iteratively using the
sum-product algorithm on the global factor graph as shown
in Fig. 5. Messages incoming to each source bit are gener-
ated both by the channel code, which uses the parity check
bits, and by the source model, which exploits the memory in
the source. The iterative decoding is stopped either if a valid
codeword is detected or if a maximum number of iterations
is exceeded. Note, that the sum-product algorithm outputs
soft values for each decoded bit, thus effectively approxi-
mation the a posteriori distribution of the source symbols
given the received signals. This, combined with the knowl-
edge of the quantization scheme, allows us to perform the
approximate MSE estimation of the transmitted sequence
by reconstructing it by the expected value with respect to
the calculated distribution.

4We have used a short blocklength code in the interests of simulation
time complexity.
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Figure 5. Factor graph for decoding HMM
Gaussian source with LDPC code.

3.1. Experimental results

We have simulated the proposed and reference systems
and the results are shown in Fig. 6, Fig. 7 and Fig. 8. In
Fig. 6 we compare the pure channel code performance -
frame error rate (FER) of the three systems. The conven-
tional system uses arithmetic coding and a LDPC code. The
reference system does not use entropy coding and has a
higher rate channel code for fair comparison. We also show
the performance of the proposed system when no source in-
formation is used in the sum-product algorithm. Straight
lines are the least-squares fits of the corresponding data
points (we show data points only for our system) each ob-
tained using one source sequence realization averaged over
100 decoding attempts with different noise realizations. The
horizontal axis corresponds to the redundancy of the un-
coded source sequence (e.g.,0 - no redundancy, 0.1 - ten
percent redundancy). It is clear that the FER performance is
the best for the conventional system which is not surprising
since the channel factor graph is chosen by design, while the
source factor graph is given. In other words we do not ex-
pect to improve over LDPC (which already are close to the
Shannon’s bound) as channel codes by leaving some of the
redundancy in the source. Note, however, that in the case
of a redundant source (upper two curves) using the source
memory does significantly improve the channel code per-
formance compared to the case when the memory is present
but not used.

In Fig. 7 we compare the source symbol error rate
(SSER) between transmitted and received signals. It is in-
teresting to note that at low redundancy it is beneficial not
to remove it by entropy coding but instead reduce the rate
of the channel code. The reason for this behavior is that
our proposed system avoids the well-known error propaga-
tion effect present in entropy coded systems. As the re-
dundancy increases, the proposed scheme becomes inferior
to the conventional approach. We also plot the simulation
results for the approximate MMSE decoding of an HMM

324



——  reference

proposed
© proposed (LS)
not using src info (LS|

0.3+

Q2 e

° 0,08 o1 015 02 02 0.3 0.3s 04
Radundancy

Figure 6. Frame error rate performance of
the proposed and reference system. Straight
lines are least square fits to the actual data.

approximation of a row data in wavelet image subband of
Lena. Parameters of the chain were estimated using the EM-
algorithm [9]. In the case of channel errors, decoding was
done by reconstructing the samples with their approximate
expected values. Notice that the proposed system perfor-
mance degrades more gracefully, compared to the perfor-
mance of the fully compressed system and achieves gains
of up to 2 dB in the low channel SNR regime.
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Figure 7. Source symbol error rate perfor-
mance of the proposed and reference system.
Straight lines are least square fits to the ac-
tual data.

4. Discussion and future work

In this work we proposed a factor graph framework for
joint source-channel coding. The idea is to use the left-
over redundancy after the source coding in the joint source-
channel decoding using a global graphical model. The sum-
product algorithm is applied to this model to produce an es-
timate of the transmitted signal given both the channel out-
put and the source model. While our source coding model is
motivated by real-life applications like typical wavelet im-
age coefficients statistics, in our future work, we plan to
broaden the variety of source models and channel codes

2 s e ez -t o8 08 04 02 [
Channel SNA. 08

Figure 8. Average source SNR for different
AWGN channel noise power. Redundancy in
the source is equal to 3%.

which fit the proposed factor graph framework. We also
consider the two-dimensional image models and incorpo-
rate the effects of channels with memory.
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